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Research on Contraot DA 30-069 ORD 1061 with Columbia
University, which began on 1 Februsry 1953, was initiated

" in response to reguests from General Leslis E, Simon and

Charles Bioking of the then Office of Ordnmance Research
to provide methods of analysis of strength of materials.
Their aim in encouraging this research was to improve the
quality of materials of military materiel and, in pntioum,
the materiel in production under AmyOrdmn__eo. The .
expectation that the methods of extreme values would
provide methods bayond those of the atatlstios of the
Hormal, Binomlal, Polsson and other mors familiar
distributions for analysing the behavior of materisls
under various forms of stress has been realised in twenty-
two technical reports given in Appendix B. 8ix of thuo.
reports result from the first two years work on this
contract from 1 February 1953 to 30 June 1955, whioch forms
an integral part of these researches, Many publications
have also appeared and they are given in Appendix C.

The primary applioations of the statistical theory of
extrems values havé been to breaking strength and fatigue
of materials, Other applications have been made to M’;lPOIOﬁ
In order, however, to provide the techniques which were
effective in these applications it was necessary to conduot
research in general statistical theory as well as in the
statistical theory of extreme values. These researches,
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then, have four main categorles:
I. Gsneral Statlistlcal Theory
IX., Statistiocsl Theory of Extrome Valuos
III. Applloations %o Breaking Strength and
Fatigus of Materials
IV, Appliestions tc Rydrelogy.

A roster of technical psrsonnel attached to thls
contract is given in Apnendix A. Other sclentifle work
engaged in by workers om this contract is given in Appendix
Do Finally acknowledgement is made of the services of Mrs,
Mary Roston who asaisted the Prinolpal Selentiat and Project
Direotor in carrying out many of the necessary administrative
autiaao

T. QENERAL STATISTICAL THEORY
Some of the phenomens of extreme value theory have

significance in general statistiocal theory. One suech
useful Bonoapt is the "Return Period of Order Statimtiecs",
(Technical Report 21, oublication }j3)., The return period
T(X) is a mean numbar of cbmervations on X such tha% for
some value x, the expected number among such observations
which are equal to or greater than x 1s equal to one. If
the observations all ccour at equidistant times the return
'period has the dimension of time, Henne the name réturn

period, This is expreszed formally as follows: if F(X)
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is the cumulative distribution function of X and T(X) is
the return period for X > x, then
(1) 2x) = (1 - F(x)) -1

Although the return period iz defined as an exnected wvalue
verbally, ite determination 1s as a oconditional variable,
Nevertheless, the return perliod can be studied under
asaumptions that the chance variable 1s both dilstribution
and parameter free and, therefore, ths return period of
an order statistiec is of genersl statistical interest,

Supnose we consider an order statistlic of rank m,
where the maximum observation 1m a sampls of size n has
rank 1. Then one obtains for the expected value of xth

moment '1‘: of the return perifod T, of the order statistic

- of pank m, the expression

(2) E(T:) - n(n-l) see {Dek+l)

(m"l’ (m-2) ..o (mek) °

This expression 1s finite only for k € m=1l. An interesting
particular result obtaing for n = 2, where the exnected
return period is two for the mecond order statistic but
is infinite for the first order statistle. Furthermore,
the varianoce 1z infinite for sither statlistle.

Since "rare" events are formally representable as
avents of Jlow probabllity thay lend themselves to extreme

value analysis. This connection has bsen shown in Technical
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Report 1l which was published in & work on measurement
theory (publication 29), An interesting consequance of
the statistiocal analysis of rare events is that sttempts
have been made by researchers in extrasensory verception
to validate thelr findings thereby. Richard von Mises
probed this, so to speak, quasi sclentific field with his
armor of scientific insight and statistical analysis.

E. J. Gumbel preparsd an article from von Mises' findings
which is to be published in his collected works.

Several studles have been devoted to bivariate
distributions. As a remnant of nineteenth century oninions
many statisticlans believe that the so-ocalled bivariate -
normal distribution may be used as a model for any bivarieat:
distribution, A bivariate distribution, however, is not
determined by its two margins. Even if they are normal,
the hivu;!.ato density function need not be ths usual
exponential function of a quadratic form in the two
variables X and ¥, The regression curves need not be lineas
and the curves of equal probability density need not be
ellipaes. On the oontrary, there corresponds to given
normal margins an infinity of bivariate distributions. A
general form has been daveloped for effecting the construst!
of a bivariate distribution for any given margins (publicat!
18),
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A t.'mily of bivariate nrobabllity functions with
specified marginal probability functions PI(X) w ]l a PI(X)
and FQ(I) sl = Pa(Y), with parameter a, -1 < a <1, 1ia
given by :

3 D = p® mm [1 4 anym 2] L
The parameter value a = O corresponds to indenendence. In
the normal ocase the regression curves are linear functions
of the probabllities and the correlatisn ccefficient p is
bounded by ~1/% < p < 1/x ., Tablea of the bivariate
nrobability funoction for given numerical valuefof the
margin have been ocomputed, whers p is limited to the domain
-1/3<p< 1/3 . Generalizations to higher dimensions
follow readily., Technical Report 12 and nublications
32 and 35 deal with these toplos,

Methods have been developed for constructing bivariate
distributions from exnonential and logistioc margina., The
.'ruulting distributions are quite different from those
previously obtained by statistioianas. Technical Remorts
15 and 16 and publications 442 and 16 present this material,

II. STATISTICAL THEORY OF EXTREME VALUES
In 1958 the Columbia University Press published E, J,
Gumbel’s book, Statistics of Extremes, whioh providea a
systematic and comprehensive presentation of the statistioal

theory of extremes up to that date. The book was well
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received by both the nrofession and reviewers, and a
second vrinting wes made in 1959,

The asymptotlic distribution of the range was generalis
to the mth range in Report 11 and publication 30; the mth
renge is the difference between the mth value from the top
and the mth value from the bottom, In a large sample the
asymptotic density funotion of the mth rgnge ean be reduces
to the corresnonding function of the range nroper, 1.e,
to a Bessel function. The mth mid-range is the sum of the
mth extremes. It 1s shown (in Reportl? ) that ita
distribution 1s a generalisation of the logistioc distributi
The distridbutions of the m*‘ range and the mﬂ' mid-renge
converge to normality with increasing rank m,

While it iz known that the quantiles are asymntoticall
normally distributed and the two extremes are i{ndenendent,
the joint asymptotio distribution of a quantile end of the
extremes was not known., This distribution was shown by
Professor Berman (Report 22) to split, with inoreasing
sample sige, into the produet of the normal distribution
of the quantile and the extremal distribution, demonstrati
the asymptotic independence of these two statistios,

Some results on the rejection of outliers by means
of extreme value theory have beean presented in rublication

Number 36. Extreme value theory seems to be the natural

arvnrnesh tn tha dataatinn of outliera.
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Considerable effort was devoted to atudy of the
asymptotic bivariate and multiveriate extremal distributior
(Report 19 and publication 4l1). In the simplest case the
bivar;ate distributions are the vnroducts of the corresnondi
univariate functions (publication 1)),

In the bivariate case, there arethretsvecial cases ari
the three extremal distributions to consider,

There are, therefore
six-fold infinities of such distributions{ publioat!on i !
General formulae which contain undeteérmined functions or tt
two marginal extremal probabilities are interesting from a
theoreticael noint of view but are not of much nracticsl use
' What is needed are specific cases where the bivariate
extremal distributions can be written down exproﬁud by
the univariate distributions and a factor denending on
the correlation of the two marginsl distributions. %wo
such cases are given in nublications 39 and hli. Let

(L) ~ log @ :t’:; - r; -log # s«x;- E 3 -log .{;l ~ ’

be transformations of the bivariate and the two marginal

extremal dlstributions, then the two cases are given by

(s) rm -E"' +}m §{ m>or=l
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and

) E=?+8+a 14 +19)" o0gax1
The same formulae hold for bivariate extremal distributions
of smallest values. The special cases m = 1 and a = 0
stand for indemendence. The formulae can easily be
generalized into more than two dimensions,
III. Annlications to Breaking Strength
and Patigue of Materials

The study of fatigue end breaking strength of metals
11; an important field for the application of extreme value
theory (publication l}), A vopular resumé of the numerous
asnects and techniocal appl!catlon; in this donniﬁ was given
in Revort 7. There is given, in part!oﬁlnr, an analysis of
the corrosion nroblem, 1.8, the nit depth of nive lines,
which is of great importance for the trensportation of oil:
the maximum pit denth inoreases as a linear funotion of
the length of the line,

Previously only clasalcal methods of statistics and
curve fitting were applied to such nroblems. An important
davelopment in the analysis of fatigue was made by Welbull
who used the third asymptotiec distribution of smallest
values, althoupgh on & nurely empirical basis. The
statistical annly;is takes the number of oycles at failure

under a given gtress as & random variable, Although the
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stresases at fallure are constant within each expmeriment it
is proper to interoret them also as random variables and to
use the same theory for both nroblems. These notions have
been develoned in Renorte 8 and 9 and publications R, 9,
10, and 13, where more than thirty sets of dates on fatigue
failure were analyzed. The most Iimportant oharacteristics
are as follows: a) The minimum life Ny, g» 1ees the largest
number of oycles with nrobability one of survival, which
deoreases with inoreassing stress (publication 26). Its
inverse SQ,N i the stress with nrobability of survivael
one. b) The endurance limit S,, i.e. the stress so
amall.that the snecimen may survive an infinity of cycles,
¢) the nrobability of nermanent aurvival“ﬂsb-) is a functic
of the streess, None of these values can be observed, 1In
the nresent theory they t@ko on the role of parsmeters whict
oan be estimated if s sufficiently large sample of observati
iz made. The statistical theory is bared on the two

conditional survivorshin functions
a

() Ax)s) = exp E(N 5 No,n) .

L V. = Ho'

. |
(8) ,Q(s| N) = —o:m -(5 - 30-“) °

2 Sy- so,ﬂ

where the parameters No,a and 3, ere as exnlained nreviously
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The number of aycles V, and its inverse, the atress Sy are
parameters of location while a, and Py are nerametera of
scale and shape., Formula 8 ocan also be used for the
proﬁability of permanent survival. The analysis of these
parasmeters and thelr interdenendence is contained in
Report 20 and nublication 21, The narameters of soale
which have no dimensiona are linked to the lower limits,

This atatiétical avproach was contrasted to the
nurely emnirical procodure; used by Bastenaire and Bennett
in publication 12, Several semi~-popular articles (publi-
cations § anq 15) ‘have been written on request,

While sxperiments may be nerformed so that we approach
the minimum 1life no expneriment is vnossidle to apnrdach
the endurancs 1limit, Inatead of an infinity of cycles,
a large number, 107 or noaaibly 108, is used for its
estimation., The e;iutinn estimates of the endurence
linmits are based on an annarent discontinuity of the
survivorship funotions while the statistical theory muat
assume continulty., Therefore the estimates given in the
literature may be of doubtful value, The nroblem of the
endurance limit is treated in publication & and a test
program appronriately designed for the estimation of the
endurance 1limit is given in nubliecation 2, Unfortunately

no such large scale testing program haa ever been undertaksn,
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A resume of the logiocal, physlcal and stetisticael reasons
for preferring the extreme value theory in this analysis

is given in publication L7.
IV. Apnlications to Hydrology

The firast large scale apnlication of the theory of
extreme values arose from hydrological pnroblems, in
vartioular the aenslysis of floods and droughta. By their
very definition they are the annual largest and smallest
values of the daily discharges of a river at a given station,
hence extreme valuea, '

At the invitstion of the Soc:lot; Hydroto'chniquo de
France, E. J, Gumbel wrote exnository papers exnlaining
his method of analysis, in particular the use of extreme
value paner in graphical procedures for the enalyais and

(publications 7, 19, 31)
forecast from drought and flood date! Using the return
veriod scale for forecast, an analysis of records of
twenty=-five rivers nrovided fruitful examnles of the use
of these methods. In the course of the extensive discussion
that arose from these naners, the question was raised as to
why the firast asymptotic distribution seemed to represent
adequately the distribution of largest annual discharges

{(with occasional better representation by the second
distribution). A further question was raised, namely,
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why in the case of minimum discharges there could be, for
soms rivora; noaitive asymntotes and for other rivers zero
least value.

At the invitetion of the British Journal of the
Institution of Water Enginesrs, an artiocle was written
in explanation of both these questions, In response,
methods for constructine linear acontrol bounderiem which
are useful in extrapolation and a graphioal method for
selecting among the three tynes of extremal distribution
that type most effective for remresenting a given sequence
of data were presented (Report 13, publication 16). The
method of disorimination is based on the ocurvature which
is assumed to hold for the whole sequence. In consequence
of this analysis, it is shown that the first or second
distributions of largest values is adequate for floods.
80 far, no exampnle haa been found where the third distri-
bution { which has en upver limit ) is indicated, This
result is interesting in view of the fact that the
objection of many engineers to the statistical theory of
extreme values is made precisely bescause they feel that
the apnropnriate distributionrﬁ;uldhave a finite unver bound
On the other hand, as might be expected, the third asymntot:

distribution of the smalleat values is useful in renresenti
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droughts. Further interest in the question of the most
apnronriate statistical renresentation of floods end droughts
by way of communications from various countries wes resnonded
to in Report 1 and publication 27,

An important doubt as to the validity of using the
present statistical theory of extremes which is based on an
assumntion of the independence of successive observations
of deily discharges has been largely mitigated in work of
Professor Berman who showed that ths aotual absence of
indspendence in the observations did not invalidate the
results obtained by the nresent methods, Por further

information, a list of recent naners on Extreme Values

is added as Anpendix E,
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ATPENDIX A

Personnel Who have served on the Scientific Staff of this ¢

Professor E. J. Gumbel, Prinocipal Investigator
Professor S, B, Littauer, Project Directoer

Simeon Berman, now Assistant Professor, Department of Matherm
Statistios, Columbia University

Cyrus Derman, now Associate Professor, Department of Industr
Engineering, Columbla University

Neil) Ooldstein, graduate atudent in mathematical statistioce

T. T. Kuo, obtained Ph,D, in Industrial Engineering, Columbi
Uhiveraitg, 1961, now in Operations Research,
Rational Cash Register Co., Dayton, Ohie

Seiti Sugihara, then a graduate student in mathematical stet

Taro Yamane, since Assistant Professor of Statistics, New
York University

Phillip G. Carlson, received D.Ene.SGI. in Industriasl Engine
1965, now on Operationa Research staff, Arthu
Andersen and Co., New York; co-onerated with
Professor E, J, 5umbel on researches under
that contract without formal apnointment

¥ to the steff,

Jose Tiago de Oliveira, Professor of the Faculty of Sciences

Lisbon, Portugal.
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STANDARD ERRORS OF ESTIMATE OF Pnnarmas OF
FATIOGUE FATLURE SURVIVORSHIP FU'CTIONS

STATISTICAL ESTIMATION OF THE ENDURANCE LIMI
SOME REMARKS ON THE ENDURANCE LIMIT PROBLEM

SOME TESTS FOR MINIMUM LIFE OF FATIGUE PFAILU
SURVIVORS!IP FUNCTIONS

STATISTICAL ESTIMATION OF THRE FNDURANCE LIMI
EXTREME VALUFS IN TECHNICAL PROBLEMS (Rewmrin

.from Industrial laboratorles, Vol. 7, no.-1?

Dec., 1956)

STATISTICAL ANALYSIS OF FATIGUE

THE STATISTICAL ASPECT OF PATINUE (Rmrint o
Columbia Engineerinp Quarterly, March 1957,
nn, 3"’?)

P, G, Garlson

ON THE ASYMPTOTIC COVARIANCE OF THE SAMPLE M
AND' STANDARD DEVIATION (Renrint from Metron,
vol. 13. KNo. 1. npo ‘1‘9. Rm’ 19;6’

THE MTH RANGE

MULTIVARIATE DISTRIBUTIONS HI'.I.'H GIVEN MARGIN
STATISTICAL THEORY OF FLOODS AND PBOUGHTS
(Reprint from Journal of the Inatitution of
Water Engineers, Vol. 12, pp. 157-18Y, Londa
MEASUREMERTS OF RARE EVENTS

BIVARIATE EXPONENTIAL DISTRIBUTIONS

B. J. G;lmbel, A. Avishur, A, D, Benham, F Law, R, W, 8,
Thompson, and D, H., Thompson

COMMUNIGATIONS ON THE STATISTIBAL THEORY OF
FLOODS AND DROUGHTS (Renrint from Journal of
the Institution of ngag-_Engineora » Vol. 13,
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STATISTICAL THEORY OFP EXTREME VALUES (MAIB
RESULTS)

A BIVARIATE LOGISTIC DISTRIBUTION

MLTIVARIATE ASYMPTOTIC DISTRIBUTIONS OF
EXTREME VALUES

ON THE PARAMETERS OF THE DISTRIBUTION OF
FATIGUE LIFE

THE RETURN PERIOD OF ORDER STATISTICS

THE ASYMPTOTIC INDEPENDENCE OF THE SAMPLE
QUARTILE AND THE SAMPLE EXTREME VALUE
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Review of Epstein, Truncated 1ife tests (Anh, Math, Stat. Vol,
25, 195%,.) Math, Tables and Aids to Celc., Vol. 9, Washingt

Pfogremm fur die statistische Schatzung der Dauerschitingfestig
Schweizer Archiv fur Wiss, u. Teohnik, Vol. 22, No. 11, p. 3
. November, 1956,

Methodes granhiques nour l'analyse des debits de orue. La Hou
Blanche, Numero 5, pp. 709-717, Paris, November 1956.

Statistician attacks extreme values in technical problems, In
trial Laboratories, Vol. 7, No. 12, Chicago, December 1956,

Statiatiasche Deutung der Ermidungserscheinungen bei Metallen.
Sohweiser Technische Rundschau, Vol. )49, No. 3, mn. 3-7, Bem
January 1957,

Statistical estimation of the endurance limit, Proceedings of
Second Annual Statistical Engineering Symposium, Chemical Co:
Engineering Command, Army Chemical Center, pp. &3-86, Maryla
26-~27 April 1956,

Methodes graphiques pour l'analyse des debits de corue. Revue
Statistique Appliquee, Vol. 5, No, 2, pn. 77-89, Paris, 1957

The statistiocal aspect in fatigue 1n Proceedings 2nd Conferenc:
the mechanics of elasticlty nnd6glaatlcity. Sponsorsd by Of.
of Ordnance Research, np, 356-366, Washington, Febmuary 1957

Discussion on fatigue. Second Conference on the Mechanica of
Elasticity and Plasticity. Sponsored by Office of Ordmance |
U. 8, Army, Durhem, North Carolina, pp. 25, 52, Washington,
Pebrusry 1957.

The statistical asnect of fatigue . Columbia Engineering Quart
op. 22-25, b, 60, March 1957,

Statistical distribution natterns of ocean waves. Tranas, Soci
of Naval Architects and Marine Engineers, 8, n.}27, 1956.

Discussion of the contributions of My, Bastenaire and Mr, Benn
International Conference on Fatigue of Metals, British Insti
of Mechanical Engineers, London 1956,

Etude statiatique de la fetigue des materisux. Revue de Stati
Avpliques, Vol. 5, No. 4, ppn. 51-86, Paris 1957.

Fonotions de probabilites a deux varisbles extremales indenend
O.R.AO.SOo, Vul. 2’.'.6. DD l'n9-5°, Paris 19580
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Interpretation statistique de la fatigue, Colloques de Calcul
numerique, Dijon 1956, Publicstions Scientifiques et Tech-
niques du Ministere de 1'Air, No. N.T. 77, nn. 921, Paris 195

Statistical theory of Floods and Droughta, Journal of the Insti-
tution of Water Englneers, Vol. 12, No. 3, pr. 157-184, May 19

Statistician Abroad, Ordnance Research Bulletin, Durham, N. C,,
Avril-May 1958,

Distributions & plusieurs variables dont les marges sont donnees
With remarks by M. Frechet. C. R, Ac. Sc, Vol. 246, pp. 2717-
2720, Peris 1958, '

Discusision of "The Statistical Treatment of Flood Flows," Trans,
:meriggabphynical Union, Vol. 39, No. i, po. 732-733, Washing-
on .

Review of "Diotionary of Statistiocal Terms,” by M. G. Kendall an
W. E. Buckland, Biometrika, Vol. 15, n. 2683, London 1998,

Various Asvects of the Distribution of Fatigue Lives, Wright Air
Develovment Center, WADC Technical Report EF-TZ, ASTIA Documen

schnic
No. 155747, 40 pages, July 1858,

Statistics o; Extremes, Columbia University Press, 375 nages,
aw 0P ®

List of Publications of E, J. Oumbel, Statistica, 18, ¥No. 3,
pp. 563-571 Rome, Italy 1958,

Contributions to the discussions of the International Statistica
Institute, Stockholm Congreas, 1957, Bulletin de 1! Institut
International de Steatistique, Vol, 36, Part 1, pvp. 66, 70, 87,
111, Stookholm, 1999,

Congressd of the International Statisticael Institute, Ordnance
Researoh Bulletin, ORD-59-5, 59-6, May, June 1959, Durham,
North Carolina.

Le Phenomene de la vie minima en fatigue sous des efforts con-
atantes et variables, with A. M. Freudenthal, Revue de metal-
lurgle, Vol, 56, no. 3, pn. 295-298, Paris, 1959.

Communications on the Statisticael Theory of Floods and Droughts,
Journal of the Institution of Water Engineers, Vol. 13, No. 1,
pp. 86«112, London, February, 1959,
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Statisticsl Theory of Extreme Values, Bulletin, Internatlonal -
Statistical Institute, Vol. 36, Part 3, pp. 12-1l, Stookholm,

Measursment of Rere Events, Chapter 11, of Measurement : Defin-
1tions and Theories, edited by C. W, Churchman snd P, Hatoosh,
nhe 204=217, SOND Wiley and Sons, Inc,, New York 1959.

The mth range, Journal de Mathematiques, Vel. 39, No. 3, np.
253-265, Paris, 1959.

Theorie statiastique des debits d'etiage, Le Houille Blanche,
Vol, 14, nv. 57-65, Grenobls, January-February, 1959.

Multivariaste Distributions with Givebh Margins, Revista de
Faouldale de Olenclas de Lisboa, 2, Serie-A-vol. VII-Fasec.
2, pp. 179-218, Lisboa, 1959,

Stﬁ%attca of Extremes, Znd nrinting, Columbia University Press,
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Other Scient!fic Work Done on This Contract

Dr. E, J. Gumbel made a8 number of ‘rins abroad,
disseminating the ideas develovned in the researches
sponsored by this ocontract. Descripntiona of these
activities have been nublished in artioles 17, 25, 3
and 15, He also particinated in a number of international
sclentific congresses, reported on in articles 24 and L0,

A by-product of these resesrches is a couras on
the Statistical Theory of Extresme Values and their
Technical Applications, given at Columbia University
( Catalogue Number: E 6611 x - E 6612 y. Engineering
Applications of Extreme Values).

Professor S, B, Littauer { jointly with Professor
S. Ehrenfeld ) has worked on a text on Statistical
Method in Engineering and Sclence, which is scheduled
for publication early in 1963,
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J. Quthrie Brown: "Hydro-electric Engineerinr Practice,” Black
and Son, Ltd, 1958

J. J. Dronkers: Approximate formulae for the statistical dis-
tributions of extreme values, Biometrika, Vol, 15, Parts 3
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d. M. Rershfield: Discussion of "Flood Frequency by Regional
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