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fteaearOb on Contraot DA 30.069 ORD 1061 vlth Coluabla 

tJ:alvera1tJ, vblol). beau on 1 Pebruu-7 19S3. vaa 1Dltlated 

· 1D re.,oraee to reque1t1 .trcn General Lealie E. Simon &114 

Charles B1oklns or the t~D Ottloe ot OrdDanoe Reaearoh 

to provide methode ot aua1Je1e ot atreusth or materlala. 

Their allll ln enoouaglng tb1a reaearoh vu to 111lpron the 

qual1t7 ot materlala or m111t~ materlel.aad, ln partlau~. 

tbe materiel 1n produotlon under Ar.my -Ordaanoe. ~ . 
espeotatloD that tba ~etbode ot extre.. Y&luea vould 

provide method• be7ond. tho•• ot the atatlatloa ot t~ 

~o~al. Blnomlal. Polaaon aDd other more tamt11ar 

dlatr1but1ona tor aualJalng the behavior ot materials 

under Yarloua rorme ot atreaa baa been reallaed 1D tvent7-. 
tvo technloal report• slv.en ln AppeDdix B. Slx ot tbeae 

report• result h ca thlt til'et tvo t••• work ott tb1a 

oontraot ~0111 1 PebrUU7 19SJ to JO JuDe 195S, vbloh tor.. 

an 1Dtesral part or tbeae reaearobaa. 'HaDJ publloatlona 

have alao appeared &lid the7 &N Sl'ftD ln Appendix C. 

!be prima117 appl1oat1ona ot tbe atat~atloal 'tbeo~ of 

extreM valuea hari beeu to bre&ld.us atreqtll and tatlpe 
. 

ot material•• Other applloatlona haYe been JUde to )l,fdrolOIJ 

ID order, ·however, to provide the techalquea wblob v•~• 

etteotlve 1n the•• appl1oat1oDa 1t vaa ~~eoeaaar7 to ooDdu~t 

~•••arab 111 genera1 atat1at1oal tbeoi'J •• vell u ln the. 

atat1at1oa1 theor7·or ·~rea. valuea. Tbeae reaearobe•~ 



than t have ·four main categorJ.ea: 

I~ Gane~al Statistical Thoor7 

II. Statistical Theor7 o~ Ext~eme Valuaa 

III. Appl1oat1ona to Bl'eald.ng Strength 8lld 

Pa~1gus ot Materia~& 

XV. Applications to HycSl"oloSJ! 

A roster o~ teChn1~al personnel attached to this 

contraot is given 1n Appendix A. Other ac1entit1o work 

engaged 1D b7 workers OD th1e contract 1a given in Appendix 

Do F1nallT aclmowledgement is made or the service• or Mra. 

Marr Roston who aaa1ated the Pr1noipal Scientist and Project 

Director 1n carrying out manJ ot tha necessary admin1atrat1Ye 

duties. 

I o GENERAL STATISTICAL THEORY 

Some ot the nhenomena ot extreme value theory haYe 
+ • 

a1gn1~1canoe 1n general atat1at1oal theory. One sucb 

uaetul concept is the "Return Period ot Order Stat1at1c•"• 

(!echn1cal Report 21. publication 43). The return period 

T(X) 1a a menn uumb3r ot observations on X such that for 

some value x~ the expected number among auoh observations 

which are equal to or greater than x 1s I'CJ.Ual to one.. It 

the observations all ooour at equ1d1atant times t;he return 

period has the d1mena1on o~ time. Hence the name return 

period. Tbie is expreaaed ron"ally as rollowa: it P(X) 
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is the cumulative dlat~lbutlou tunctlon of X and T(X) 1e 

the ~eturn period to~ X ~ x, then 

(1) ~(x) • (1- P(x)J - 1 

Although the return period 11 detlaed as an expected value 

verball~. lte determination 11 as a conditional variable. 

Nevertheless, the return period can be studied unde~ 

a1aumptiqna that the chance variable ls both d1atr1bution 

and parameter ~ee and. therefore, the return period or 

aa orde~ atatlst1o 1e ot general etat1at1oal 1nteresto 

Suppose ve consider an order etat1atio or rank m# 

where the maximum observation iB a sample ot e1ze n baa 

r~ lo ThaD one obtains tor the expected value ot kth 
k mOlllent Tm or the return per1o4 T111 ot the order atatllt1c 

· ot rank m, the expreea1oiJ 

(2) 

0 

This expression 111 t1n1te onlJ' tor k 5 m•l. An interesting 

particular result obta1na tor n • 2, where the expected 

return period 111 tvo tor the second order atat1at1c but 

1a 1nt1n1 te f'or the t'1r•t order etat1et1o. Purtbarmo1•e P 

the variance la 1nt1n1te tor either statlstla. 

Since "1•are" events are 1'ol'llla117 repre1entable as 

events ot low probability tb$7 lend themaelves to extreme 

value anal7a1a. Tbta oounect1on has been show 1n TeobD1oal 
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Report 1!~ which waa pub11ahed in a work on measurement 

theor7 (publlaatlon 29). AD interesting conaequeaoe ot 

the atatlatloal analraia ot rare events 1a that attempts 

haYe been made b7 reaearohera 1n extraaenaor7 p•rceptlon 

to validate their t1nd1nga thereb7. Rlabard Yon M!aea 

probed th1a, ao to apeak, quae! ec1ent1t1o tleld with h1• 

~or or ao1entlt1o 1na1gbt and atatiatlaa~ ana1JS1a. 

E.' 3. Gumbel prepared an article hom voa Mlaea' t1nct1nga 

vh1oh la to be publlahed ln hie oolleoted vorka. 

SeYeral otudlea haYe been deYoted to bivariate 

dlatr1but1ona. Aa a remnant ot nineteenth cent~7 o~1n1ona 

many atat1at1o1ana ·believe that the ao-oalled b1Yar1at• 

normal d1atr1but1on ma7 be used aa a model tor &nJ' b1var1at4 

d·latrlbutloa, A b1Yarlate 41etr1but1on 11 however, ta not 

~etermlt~ed bJ 1 ta tvo margine. Even lt the7 are normal. 

~be blvarlate deneltJ tunctlon need not be tbe ueual 

ezponentlal tunotlon ot a quadratic to~ in the tvo 

varlablea X and Y. The regreaelon ourvea need not be l!ne.U 

and the ourvea ot equal probab111t7 denelt7 need not be 

elllpaea. On the contrar7, tbere correapond1 to given 

normal margine an 1nt1nlt7 ot bl•arlate dletrlbutloaa. A 

generai torm baa been .S.Yeloped 1'or etteotlng tbe oonstra.at~ 

ot a b1Ya1'1ate 41atribut1on f'O'r 01 gf.Yell 11'U11'pD8 (!)UbllcatJ 

18) 0 
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A r.m1ly ot bivariate probab111tr tunat1one with 

apea1t1ed marginal probab111tJ fUnction• P1 (X} • 1- P1 (X) 

and F
2

(Y) • 1 - P
2
(Y), with pBl'ant~~ter a, -1 < a < 1, 111 

. 

(3) P(X,Y) • P1 (X) P2 (Y) ~ • aP1(X) P2(Yil •. 

The puuutter value a • o oorreapoDCla to 1nde!)eadenoe. In 

the normal oase the repeselon ourvea ue liaeAI' tunotlolls 

ot tbe probabllltlee and the correlatiOn ooett1olent p .ll 

bouaded bJ' -1/'R. < p < 1/'ll • 'l!ablea or the b1••1'1ate 

probability tunotlon tor Riven numerloal valuejot tbe 

margin have been oamputed1 where p 1a lbd. ted to the 4omaln 

-1/3 < p < 1/3 • General1zat1ona to hlsher d!Jaenalona 

t~llow readll7. Teebalaal Report 12 and publ1oatlona 

)2 and JS deal with these top1oao 

Methode m.•e been denloped tor aonatructlns bivariate 

d1strlbut1ona hCIIJ esponential and lopatlo •arstZJa. The 

·re,ult1ns dletributlone are quite d1tterent from those 

preYloualJ' obtalnect b7 etatlat1o1ana. TeohD1oal Repwta 

1S and 18 uct publloatloae 11.2 aDd 46 preaent thle material. 

II. STATISTICAL TJIIORY OP BURBMB V ALOES -
In 19S8 the Columbia VDlYeralt~ PN•• publlebad B. J. 

Gull bel' e book, Stat;letloa !£ BxtrRI8B, vh1oh pro•1dea a 

.,_tematlc and compreheZJalve preeentat1oD ot the atat1et1oal 

tlwol'J' o.t extreme• up to that date. '1'he book vas well. 



received by both the proreaaion and reviewers, and a 

second printing was made in 19$9. 

The aay.mptotlo 41atr1but1on of the range vaa generalll 

to the mth range in Report 11 and publication 30J the •th 

ranR41 11 the d11"terenoe between the mth 'Yalue 1"rom ttw top 

and the mth value rrcm the bottom. Ira a large a.aple tt. 

ae,mptotlo dena!t.J tunot1on or the mth range oan be reduoed 

to the aorreapobdlas 1"UDOt1on or the range proper, l.e. 

to a Beaael funat10JJ. ~ 11th m14-z.auge 1a the a\iat of' tbl 

mth eztreMes. It 1a ehovn (1n Report17 ) that lta 

d1atr1but1on 18 a general11at10D Of tha log1at1o dlatrlbut! 

The 41atr1but1oDa ot tha m '*' range and the ra.+h mid-range 

converge to norma11t~ v1tb laareaalns rank m. 

While it la lmovn tbat the quant11ea are ••JIIlptotlcall 

no~all7 dlatrlbuted aDd the two eztremea are ~ndependent, 

the joint aa,mptotlo d1atr1but1on or • quantile an4 or the 

eztremea vaa not kDown. Tbla d1atr1but1on wae shown b7 

Proteaaor Be~ (Report 22) to apl1t, vltb 1noreaa1ns 

IUlple ala, into tile produot ot the nonsal 41atl'1but1cm 

ot tbe quaat11e and tbe e~l'emal dlatrlbutlon, demonatrat~ 

the aa,mptotta lnd•pendeDae ot these two atat1at1aa~ 

Some reaulta oD tbe rejection or outliers bJ means 

or extreme Yalue the~7 haYe been prelented 1D ~ubl1oat10D 

Ru•ber 36• Extreme Yalue ,theor,- seems to be the Daturoal 

8ft"~n·~~ +.n t.h• datant!nn or out11eran 
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CoDSiderable etttort was devoted to atud7 ot tbe 

aa,mptotio bivariate and multivariate eztremal dlatr1but1or 

(Report 19 and publication~). In the a1mpleat case the 

bivariate 41atr1but1oaa are the ~roduota ott the correa~ond~ 

un1Yar1ate tunot1ona (publ1oat1on ~). 

ln the b1var1ate caae, there aret~•~•o1al oaaea ar~ 

the three extremal diatrlbutlona to consider. 

There are, theretor• 

a1x~told 1nt1n1t1ea ot such d1atr1but1onaC pub11oat1on 1~ } 

General formulae which contain undetfrmiaed tunatlona or tt 

twumarg1nal extremal probabilitlea are 1ntereat1ng tram a 

theoretical no1nt ot view but are not ott muoh praotlcal uae 

What 1a needed are speolt1c oaaea where the bivariate 

extremal d1atr1butlons can be written down expressed bJ 
the univariate diatr1butiona and a taotor depending on 

the oorr~latlon ot the two marginal 41etr1but1ona. !tro 

auoh o,aaea are g.lven ln !J"bllaatlona 39 and JLb,. Let 

be tranatormatlona ot the bivariate and the two marR1nal 

extremal diatrlbutlona, then the two oaaea are given b7 

($) C m • ~ 111 + ~ m 
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and 

(6) e..~ + ~ + Q ( lt + 1/p ,-l O<G<l - -
The same tormulae bold tor b1Yartate extreMal distribution• 

ot SMallest values. The special cases m • 1 and a • o 

stand tor independence. ~' tormulae oan eaatly be 

Rene~alized tnto more than tvo 41menatons. 

III. A~n11oat1ona to Breaking Stre~gth 
and Pat1~ or Materials 

The study or tat1gue and breakin~ atrenRth or metals 

1a an important t1eld tor the application or extre~e value 

theor7 (publication 4). A popular reaum' ot the nllllleroua 

ae~eata and technical appl1cat1ona 1D tb1a d~1n vaa ~!Yen 

1n Report 7. There 1a g1Yen. in particular. an analyala ot 

the corrosion ~roblem, i.e. the p1t depth or ~1pe linea. 

vhtch 18 or great 1mportanae tor the tranaportati~n ot oil: 

'be maximum p1t depth inoreaseft •• a linear tunot1on ot 

the lensth or the line. 

Prev1oual7 only olaea1cal methods or atat1at1oa and 

cur\'e t1tt1nq were applied to auoh p~blema. AD important 

development 1o the analya1a or tat1gue was maae by We1~ull 

who used the third aaJMPtot1c d1atr1but1on ot smallest 

Yaluea. altho~h on a purely empirical beats. The 

etat1st1oal analJaia takes the number ot oyolea at tai~ure 

under a ,iven atreae aa a random Yar1able. AlthouRh the 



I 
I 
I 

I • I 

stresses at failure are constant wlthln each e~erlment 1t 

is proper to ~nterpret them also as rand~ va~lablea and to 

use the same theory ~o~ both ~roble~a. These notiona have 

beon developed in Repo~ta 8 and 9 and publicatl~na A• q• 

10, and 13, where more than thirty aeta. ot data on rat1gue 

.ta11Ul'e were analyzed. The naoat lmportant oharacter1at1ca 

are a a tollowa; a) The minimum lite N0 •• • 1.~. the lar,.at 

number ot cycles with probabllltr one or survival. which 

deoreaaea with 1noreas1nR atrees (publ1oat1on 26). Ita 

1nve~ae so,N 1a the atreaa with probabllltJ ot survival 

one. b) The e·ndurance llmlt 8 0 , i.e. the atraaa eo. 

small that the spec!man mar survive •n 1ntinlty ot cyolea. 

a) the probability ot .,emanent aurv1val,_f(s~1·) is a !"unctlc 

ot the atra~a. None ot these values can be obuarved. In 

the ~resent theorr they taka on the role ot ~arametara whict 

oan be eat1mato4 1t a autr1c1ent1J lar,.e eample or obaerYat! 

11 madeo The atatlatical theory la ba~ed on th• two 

oondltlonal aurv1vo~ah1p tunotlona 

((7) ,f!•\s> • •xp[G.-:;:::fj 
(8) ~<sl•> • -.xpf(~= ::::j J 

where the parameters N
0 8 

and S
0 

are aa ezplalned nrav1oua1J , . 
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The number or ayole~ V1 and its inverse. the atreas Sy are 

parameters or looat1on while a8 and Pw are nar~aterR ot 

~cale and shape. Formula 8 can also be used tor the 

probability o~ permanent survival. The analra1s or theae 

parameters and their interdenendence is contained in 

Re~ort ~0 and ~ubl1oat1on 21~ The ~arometera or eoale 

which hav• no d!Menelona are linked to the lower 11m1tae . 
Th!a 1tatilt1cal approach wae contra1ted to the 

purely empirical procedure• used by Baetena1re and Bennett 

in pub11oat1on 12. Several semi-popular art1clea (publ1• 

cations Sand lS)·~ave been written on requesto 

WHile e2Par~enta mar be pertormed 80 that we approach 

the m1n1mum lite no experiment 1a ~oaa!blo to apnroach 

the endurance 11m1t. Inatead or an 1nt1n1tJ or cycle~. 

a larRe number~ 10? or poaa1bly lOR, 1a used tor ita 

estimation. !he ex!at1np. estimates or the endurance 

l!M1ts arB baBed oD an apparent d1acont1nu1ty 9~ tbe 

aurv1vorsbJp tunct1ons while the atatiatical theory must 

assume aontlnult7. Therefore tho estimates ,.1ven 1n tbe 

literature may be ot doubttul Yalueo The problem ot tbe . 
endurance 11m1t 11 treated 1u publ1oat1on 6 and a teat 

pro~am approp~1atel7 dea1gae4 tor the eat1mat1on ot the 

endurance 11~1t 1a r1Yen 1n publication 2. Untortunatel7 

no euch large acale teetinR program hal ever. been undertaken. 
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I 
A resume ot the logloal, phya1oal and etatletioal reaaone 

tor preferring the extreme value theory in th1a ana17aia 

11 given in publication 47. 

IV. Appl1oat1ons to Hydrology 

The t1rat larse acale application ot the tbeor~ ot 

extreme values aroae trom hydrological problema, 1n 

~articular the anal71i1 ot floods and drouRhta. By their 

very det1n1t1on they are the annual larneat •nd amalleat 

valuea or the da117 d!ecbarF,el ot a river at a given atatlon, 

hence extre~e valuoa. 
~ , 

At the 1nY.ltat1on ot tbe Societe HJdrotecnntque de 

Prance, B. J. Gumbel Vl'Ote expository papers expla1n1Dg 

b1a method ot ana17111, in particular the ue ot extreme 

value paper 1n graphical procedures tor the anal,a1a aDd 
(pub11oat1ona ?, 19, 31) 

rorecaat trom drought and flood data'. Ua!ng tha return 

period scale tor torecaat, an anal,a!a ot recorda ot 

twenty-ttve rivera provided rrutttul examples or the ue 

ot theae methode. In the course ot tbt extent1ve d1acuaa1on 

that arose from theae papers, the queat1on vaa ra1aed •• to 

wh7 the ttrat aa,mptot1o d1atr1but1on ae.-ed to repreaeat 

adequately the d1atr1but1on or l~geat annual diaohargea 

(with oooaaional better representation by tbe aeoond 

d1atr1but1on,. A further queatlon waa ra1aed, namel7, 



-12-

WhJ in the c••• or minimum dlaaha~gea there could be, tor 

aome rivera, positive aa,mptotea and tor other rivera zero 

least value. 

At the invitation of the Brltlah Journal ot the 

Inat1tut1on ot Water Englneere, an art~ole was written 

in explanation or both theae questlonso In response, 

methode for oonat~uctlna linear control boundarleR vhloh 

are ueerul in ext~apolatlon and a grapb1oal method tor 

aeleotlns amonR the three tJPe• ot extremal dlatr1but1on 

that type moat etteotlve tor representing a glvcn sequence 

ot data ve~e preaeated (Report 13, publication 16). The 

method ot dlaorlmlnatlon 1a baaed on the curvature which 

ia assumed to hold to~ the whole sequence. In aonaequence 

ot this analJBl•• it ia ahovn tha~ the tl~at or second 

dlatrlbutlona or largeat values 1a adequate tor tlooda. 

So tar, no example haa been round where the third 41atr1-

but1on ( vhloh baa an upper llmlt ) 11 indicated o 'l'h11 

result 11 interesting in view ot the tact that the 

objection ot many engineer• to the atat1at1cal theorJ ot 

eJttreme values la lllade preclaely because they teel that 
should 

the ap~roprlate d1atrlbut1on ~ have a t1nlte u~per bound 

On the otber hand, •• might be expected, th• third ••JMptot: 

d18trlbutlon o~ the smallest values 11 uaetul 1n re~reaent1J 
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drouBbte. Purther interest 1n the queetlon ot the moat 

appropriate atat1et1oal repreeentat1oa ot t1ooda end droughts 

b7 wa7 or commun1oat1ona from var1oua countries waa rea~onded 

to ln Report 1 and pub11oat1on 27. 

AD important doubt •• to the val1d1 t7 ot Ullng the 

preeent atat1at1oal theo17 ot extremes whtoh 11 ba•ecJ on an 

aaeum~tton ot the tndependenae ot •uoceaalve obeervatlona 

or da117 dlachargee has been larsel7 mitlsate4 ln wo~k ot 

Pl'o1"es•or Berman vbo ahowed that the actual abaenoe ot 

independence in the observations did not invalidate the 

re•ulta obtained b7 the present methodea Por turthar 

1ntor.at1oa, a l1at or recent papera on Extreme Value• 

1a added •• Appendix B. 
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APPERDIX A 

Personnel Whc have aerved on the So1ent1t1o Start ot this C 

Proteeeor E. J. Gumbel. Prlnolpal Inveatlsator 
Proteeaor s. B. L1ttauer, Pro3eot Dlrecter 

Simeon Berman, DOW Asaletant Proteaaor, Department ot Matbe~r. 
Statlatloa, Columbia Unlverelt7 

C,rua Derman, now Aaaoolate Proteaaor 1.. Depart11lent ot Induatl' 
Bnslneer1ng, Columbia vn1ve~a1t,r 

Nell GOldeteln., gl'aduate atudent ln mathematical atatt.atoa 

T. T. Kuo, obtained Ph.D. 111 Induatrlal Brag1fteerlng, Ool'IBbl 
11alveralty, 1961, Dow 1n Operat1ona Reu&l'oh, 
Batlonal Caah ReR1ater Co., Da7ton, Oh1e 

Se1t1 Sug1hara, then a sraduate atudent ln aatbematloal atat 
~aro Y.mane, alnoe Aaalatant Protesaor ot Statlatlca, Rev 

Yol'k 11Dlverelt7 
Pb1111p G. Oar11on~ reoe1ved D.Bng.Sol. 1n lnduatrlal Engine 
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Other Salent~tlc Work Done on Thla Contract 

Dr. E. J. Gumbel made a n\IJftber ot trlpa abroad, 

dlaeemlnatlng the ldeaa develo~ad ln the raaearcbea 

aponaored by th1a contract. Deacr1~t1ona or these 

actlvltloa have been ~ubllehed ln artlolea 17, 2~. 3~ 

and 4~. He alao participated ln a number or International 

eo1ent1f1o aonsreaaea. reported on ln artlclea ~ and ~Oo 

A bJ-product or theae reaearahea 11 a courae on 

the Statiatlcal Theory ot Extreme Values anc! their 

Technical Applioat1ona, given at Columbia Unlveralty 

( Catalogue HW'lber: E 6611 x .. E 6612 7. Engineering 

Applloat!ona ot ~reme Values). 

Pltoteaaor S. B. L1 ttauer ( jointly w1 th Proteaaor 

s. Ehrenfeld } haa worked on a text on Statlat!cal 

Method ln Engineering and Science. which 1a scheduled 

tor publlcat!on early 1n 1963. 
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